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Abstract
The entropic pressure in the vicinity of a two dimensional square lattice
polygon is examined as a model of the entropic pressure near a planar ring
polymer. The scaling of the pressure as a function of distance from the
polygon and length of the polygon is determined and tested numerically.
1 Introduction
A polymer confined by a hard wall or other geometrical obstacle loses conforma-
tional entropy. This loss of entropy causes a net force on the wall or obstacle [23].
These forces have been observed experimentally [4, 7] and modelled numerically
by using self-avoiding walk models of a grafted polymer [21].
More generally, the physical properties of a polymer in a good solvent are de-
pendent on its conformational entropy [8]. For example, the polymeric stabilisation
of a colloid [27] can be explained in terms of induced repulsive forces between col-
loid particles due to the loss of conformational degrees of freedom of a polymer
confined between adjacent particles – see for example reference [5] for a directed
lattice path model.
The forces induced by the loss of conformational entropy in polymeric systems
are the result of an entropic pressure in the vicinity of a polymer. This pressure has
been studied and simulated in the scientific literature – see for example references
[3, 11,24].
A particular simple situation arises when a test particle is placed close to a
polymer. The polymer will lose conformational degrees of freedom – this implies
that the polymer will lose some entropy. The loss of entropy induces a repulsive
force on the test particle, which experiences a net pressure gradient in the vicinity
of the polymer.
In figure 1 a schematic illustration of a test particle near a ring polymer is
shown. Close to the polymer the particle will experience a net pressure, and a net
entropic force along the gradient of the pressure.
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Figure 1: Schematic illustration of a small test particle near a ring polymer. The
polymer loses entropy so that the particle experiences an average pressure gradient.
This pressure gradient causes the particle to be expelled from the vicinity of the
polymer (since it is much lighter than the polymer).
In this paper we examine and characterise the scaling of the entropic pressure
close to a self-avoiding walk model of a ring polymer. While our scaling arguments
will be general, our numerical simulations will be of a two dimensional lattice model
of the situation in figure 1.
Our lattice model is illustrated in figure 2. A ring polymer is modelled by a
square lattice polygon, which is assumed to be grafted or fixed at the origin in the
lattice. Since the polymer will be much heavier than a unit mass test particle placed
close to it, grafting it at the origin amounts to an assumption that the polygon
will not be displaced by an approaching test particle (instead, the opposite will
happen, the much lighter particle will be expelled from the vicinity of the polygon
by an entropically induced repulsive force).
In section 2 the entropic pressure in the vicinity of rooted square lattice polygon
is examined. In particular, a scaling relation for the decay of the pressure with
distance from the polygon is derived.
Thus, consider a rooted lattice polygon in the square lattice, and suppose
that the number of rooted square lattice polygons of length n is pn. Then the
conformational entropy of the polygon will be given by Sn = kB log pn, where kB
is Boltzmann’s constant. One may check that p4 = 4, p6 = 12, p8 = 56, and so
on.
We denote the number of lattice polygons of length n rooted at the origin and
passing through the lattice site ~r = (x, y) by pn(~r). Then pn(~r) = pn − pn(~r) is
the number of lattice polygons avoiding the lattice site ~r . The entropy of lattice
polygons avoiding the lattice site ~r is Sn(~r) = kB log pn(~r).
If the lattice site ~r is excluded, then polygons suffer a loss in entropy given by
∆Sn(~r) = kB log pn(~r)− kB log pn, (1)
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Figure 2: A lattice polygon model of the ring polymer in figure 1. The lattice
ring polymer is rooted at the origin, and a unit mass test particle is placed at a
lattice site near it. The presence of the test particle reduces the conformational
degrees of freedom of the polygon, and thus reducing it entropy. The loss of
entropy induces a pressure and a net force on the particle along the gradient of
the pressure.
so that the free energy of the system changes by ∆F(T ) = −T ∆Sn(~r). The
pressure at ~r can be defined in terms of the free energy by
Pn(~r) =
∆F(T )
∆V (~r)
= −T ∆Sn(~r)
∆V (~r)
. (2)
Choose units so that T = kB = 1 and let ∆V (~r) be the (unit square or cubical)
volume element with ~r at its centre. By equation (1) the pressure at the point ~r
is given by
Pn(~r) = log pn − log pn(~r) = − log
(
1− pn(~r)
pn
)
. (3)
By convention the pressure is non-negative, and may be considered a particular
discrete derivative of the extensive free energy with respect to a unit change in
volume at the lattice site ~r .
For example, if n = 4, then p4 = 4 and p4(1, 0) = p4(1, 0) = 2, so that the
pressure at (1, 0) is given by P4(1, 0) = − log
(
1− 24
)
= log 2. In figure 3 the
pressure field in the vicinity of a lattice polygon of length 100 is illustrated.
In this paper the scaling of Pn(~r) is examined. Let r = |~r | and let Pn(r) be the
mean pressure a distance r from the origin (averaged over all directions).
The scaling of Pn(r) will be determined by rescaling distance in the problem
as follows. The length scale for lattice polygons is set by the metric exponent
ν, so that the mean distance of monomers from the origin on a rooted lattice
3
Figure 3: The pressure field near a lattice polygon of length 100 rooted at the
origin. The pressure peaks sharply at the origin, and decays to zero with distance.
It is also isotropic around the origin.
polygon of length n has asymptotic scaling given by 〈r〉n ' C0 nν (see for example
reference [8]).
Define the rescaled pressure Pn(a) = Pn(a 〈r〉n). That is, for a ≥ 0 the
pressure at a distance a 〈r〉n from the origin is given by Pn(a).
We give a scaling analysis to argue that Pn(a) scales as follows
Pn(a) ' C g(a) a−4 n−19/32 (4)
in two dimensions, for some constant C and where g(a) is a function of a which
quickly approaches zero as a increases.
In section 3 we present numerical data on the pressure of lattice polygons to
test the above scaling result, by implementing the GAS-algorithm [15, 17] using
BFACF elementary moves [1, 2]. Our results verify the n-dependence in equation
(4). Moreover, the pressure is found to be isotropic about the origin, decaying at
the same rate in any direction with distance from the origin according to equation
(4).
A unit mass test particle placed near the rooted polygon will experience a
net force due to a pressure gradient. If the particle can move freely, then it will
accelerate from the vicinity of the polygon, reaching a terminal velocity if one
assumes that it moves frictionless without dissipation of energy. We determine
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the terminal velocity of the particle (assuming that the polygon is kept at constant
temperature). Our numerical results show that the terminal velocity is independent
of the size of the polygon, and only dependent on its initial position. For example,
it seems that if a test particle is placed at the lattice point (1, 0), then it will
accelerate to the same terminal velocity for a polygon of any size n.
The paper is concluded in section 4 with a few final remarks and a summary
of our results.
2 Scaling of the entropic pressure
Denote the square lattice by Z2. A lattice point ~v = (n,m) ∈ Z2 is a vertex. If
two vertices ~v and ~w are a unit distance apart, then they are the endpoints of an
edge ~v∼ ~w .
A self-avoiding walk of length n from the origin in Z2 is a sequence of edges
~vi∼~vi+1 for i = 0, 1, . . . , n−1, where the ~vi are distinct and ~v0 is the origin. If the
walk is constrained such that ~vn = ~v0, then the walk is a lattice polygon of length
n (and it is rooted at the origin). Notice that the lattice polygon can be oriented
in two ways from the origin, but that by convention it is not oriented.
The number of self-avoiding walks of length n (steps or edges) from the origin
is denoted by cn. It is known that limn→∞ 1n log cn = logµ [13] and logµ is the
connective constant while µ is the growth constant of the self-avoiding walk.
The number of self-avoiding walks is believed to have asymptotic behaviour
cn ' Anγ−1 µn (5)
where γ is the entropic exponent of the self-avoiding walk and has exact value
γ = 4332 in two dimensions [9].
Below we shall be concerned with walks from the origin in a half-space. Let
L be a line through the origin in R2. Then L cuts Z2 into two half-lattices. This
generalises in higher dimensions where L is a hyperplane of dimension d−1.
The number of self-avoiding walks of length n from the origin confined to one
of the half-lattices will be denoted by c+n (L). The asymptotic form for c
+
n (L) is
believed to be given by
c+n (L) ' A′ nγ1−1 µn, (6)
where γ1 = 6164 in two dimensions (see for example reference [6]).
Denote the number of lattice polygons of length n rooted at the origin by pn.
Then it is known that limn→∞ 1n log pn = logµ [12, 14], where the limit is taken
through even integers.
It is expected that pn has asymptotic behaviour given by
pn ' B nαs−2 µn (7)
where αs is the entropic exponent of lattice polygons and has exact value αs = 12
in two dimensions; see for example reference [10].
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2.1 The length scale
Let cn(~r) be the number of self-avoiding walks in Z2 of length n steps from the
origin to the lattice point ~r .
Similarly, let cn(r) =
∑
r=|~r | cn(~r) be the number of self-avoiding walks of
length n from the origin to lattice points a distance |~r | = r on a spherical shell
from the origin. Since the endpoints of walks counted by cn(r) ends on a spherical
shell a distance r from the origin, one should have
cn(r) ' A0 rd−1 cn(~r) (8)
in d dimensions.
One may similarly consider walks in a half-space instead. Let c+n (~r ;L) be the
number of walks from the origin in a half-space defined by the (d−1)-dimensional
hyperplane L, of length n and ending in the vertex ~r . Put c+n (r ;L) =
∑
r=|~r | c
+
n (~r ;L),
the number of walks from the origin in a half-space defined by L, of length n and
with endpoint a distance r from the origin. Since these walks end on a hemispher-
ical shell of radius r from the origin, one should have
c+n (r ;L) ' A1 rd−1 c+n (~r ;L) (9)
in d dimensions.
The average distance of the endpoint of a self-avoiding walk of length n from
the origin is denoted by 〈r〉n, and this introduces a metric in the model of self-
avoiding walks. It is expected that 〈r〉n ' C0 nν , where ν is the metric exponent.
In two dimensions the exact value is ν = 34 [25, 26].
In terms of cn(r) the average distance of the endpoint of the walk from the
origin may be calculated from
〈r〉n =
∑
r≥0 r cn(r)
cn
' C0 nν . (10)
This gives a way for estimating the scaling of cn(r).
For fixed n, cn(r) should decay as r increases with length scale nν . That is,
one may guess that
cn(r) = B0 r
x e−r/C0n
ν
cn (11)
where x is an exponent that must be determined. This assumption may be used
to determine the scaling of 〈r〉n. Substituting this assumption in equation (10)
and approximating the summation by an integral and using equation (11) gives
〈r〉n '
∫ n
0
B0 r
1+xe−r/C0n
ν
dr ' B0 (C0nν)x+2
∫ ∞
0
[
r
C0nν
]x+1
e−r/C0n
ν dr
C0nν
assuming that n  nν (since ν = 34 in two dimensions, this is true for large n).
The last integral is a constant, so one concludes that
〈r〉n ∼ nν(x+2). (12)
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Since 〈r〉n ' C0 nν , it follows that x = −1 in equation (11).
Taking the above together shows that cn(r) scales as
cn(r) ' B0 r−1 e−r/C0nν cn. (13)
This result gives the scaling of cn(~r) as well by equation (8):
cn(~r) ' r
1−d
A0
cn(r) ' B0
A0rd
e−r/C0n
ν
cn = A r
−de−r/C0n
ν
cn (14)
where r = |~r | and A is a constant.
The above arguments apply mutatis mutandis to c+n (~r), with cn in the above
replaced by c+n . This follows in particular because the scaling of the average
distance of the endpoint of half-space walks is given by
〈r〉+n =
∑
r≥0 r c
+
n (r)
c+n
' C1 nν . (15)
The rest of the argument is the same. That is, one finally obtains
c+n (~r , L) '
r1−d
A1
c+n (r) '
B1
A1rd
e−r/C1n
ν
c+n = B r
−de−r/C1n
ν
c+n (L) (16)
where r = |~r | and B is a constant.
2.2 The number of polygons passing through a lattice point ~r
To determine a scaling form for the pressure due to a rooted lattice polygon, it will
be necessary to determine a scaling relation for lattice polygons passing through
a lattice point ~r .
Denote the number of rooted lattice polygons of length n passing through the
point ~r by pn(~r). Approximate this by considering a pair of walks which step from
the origin to ~r . If the walks avoid one another, then their union is a rooted lattice
polygon passing through ~r . If they do not avoid one another, then an upper bound
on pn(~r) is obtained.
However, if the two walks are confined to two different half-spaces defined by
a (d−1)-dimensional hyperplane L passing through the origin and ~r , then they
avoid one another, and one may estimate
pn(~r) &
n∑
k=0
c+k (~r , L) c
+
n−k(~r , L). (17)
This may be approximated by using equation (16) as estimates for c+n (~r , L). This
gives
pn(~r) & B2
n∑
k=0
r−2de−r/C1k
ν
e−r/C1(n−k)
ν
c+k (L) c
+
n−k(L). (18)
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Next, rescale r = |~r | by its mean 〈r〉+n ' C1 nν : That is, choose r = a 〈r〉+n in
the above, for a > 0 in equation (18). This estimates the number of polygons
through the point ~r =
(
a 〈r〉+n
)
~r
|~r | . Denote this by p̂n(a, L) (that is, p̂n(a, L) is
the number of polygons of length n passing through a point fixed on L a distance
ρ = a 〈r〉+n from the origin). This gives
p̂n(a, L) & B2
n∑
k=0
(a C1 n
ν)−2d e−a(n/k)
ν
e−a(n/(n−k))
ν
c+k (L) c
+
n−k(L). (19)
The scaling of c+n (L) is given in equation (6), and is asymptotically independent
of L. Thus, the above may be averaged over L (that is, over all directions through
the origin) so that the number of polygons passing through a point a distance
ρ = a 〈r〉+n from the origin is approximated by
p̂n(a) &
B2(A′)2µn
(aC1nν)
2d
∫ n
0
kγ1−1 (n − k)γ1−1 e−a(n/k)νe−a(n/(n−k))ν dk
=
B2(A′)2µn
(aC1nν)
2d
n2γ1−1
∫ 1
0
xγ1−1(1− x)γ1−1e−a/xν e−a/(1−x)ν dx (20)
where the summation is now approximated by an integral.
Denote the integral above by g(a):
g(a) =
∫ 1
0
xγ1−1(1− x)γ1−1e−a/xν e−a/(1−x)ν dx. (21)
Put C2 = B2(A′)2/C2d1 . Then the above reduces to
p̂n(a) & C2 µn a−2dg(a) n2γ1−1−2dν . (22)
Notice that the dependence on direction has disappeared, so that p̂n(a) is the
approximate number of rooted polygons of length n, passing through a particular
point a distance equal to ρ = a 〈r〉+n ' a C1 nν from the origin.
If d = 2, then γ1 = 6164 and ν =
3
4 , and the a- and n-dependence of p̂n(a)
becomes
p̂n(a) &
C2 µ
ng(a)
a4
n−67/32. (23)
It remains to determine the pressure. A plot of g(a)a4 is given in figure 4 on a log-log
scale.
2.3 The rescaled pressure Pn(a)
By equation (3) the pressure due to rooted polygons at a point a distance ρ =
a 〈r〉+n ' a C1 nν from the origin is approximately given by
Pn(a) = − log
(
1− p̂n(a)
pn
)
, (24)
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Figure 4: A plot of log
(
g(a) a−4
)
against log a.
where p̂n(a) is the number of polygons passing through a point a distance ρ =
a 〈r〉+n from the origin.
The scaling of this is obtained by using equations (7) and (22). In particular,
for a and n large this becomes
Pn(a) ' − log
(
1− C2 g(a)
B a2d
n2γ1−1−2dν−αs+2
)
. (25)
It is readily checked that the power of n in the above is negative and that g(a)
quickly approaches zero with increasing a. Thus, for large n the logarithm can be
expanded. Keeping only the leading term shows that
Pn(a) ' C2 g(a)
B a2d
n2γ1−1−2dν−αs+2. (26)
If d = 2, then substitution of the exact values of the exponents and combining
the constants above give
Pn(a) ' C g(a)
a4
n−19/32, (27)
for some constant C.
This prediction may be tested numerically by plotting [n19/32 Pn(a)] against
[|~r |/n3/4]. That is, rescaling length in the lattice by a factor nν and the pressure
by n19/32 should collapse data for a range of choices of ~r and n to a single universal
curve which is only a function of the parameter a. The shape of this universal curve
is given by a rescaling of g(a)a4 .
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2.4 The pressure gradient and velocity of a test particle
A unit mass test particle placed near the origin in the lattice will experience a
average pressure gradient in the vicinity of the polygon. If the test particle can
move freely without friction, then it will accelerate from high to low pressure.
Thus, assume that a particle is placed near the polygon, and that it will be
accelerating in a frictionless environment down the pressure gradient. Assume in
addition that temperature is constant (that is, the polygon is in contact with a
large heat bath keeping its temperature fixed). This last assumption is important
since the particle will drain energy from the polygon, cooling it down, in the absence
of a heat bath.
Suppose that the particle will move along the X-axis. The pressure gradient
between lattice sites (x, 0) and (x + 1, 0) is ∆Pn(x, 0) = Pn(x + 1, 0)− Pn(x, 0).
Assuming that the acceleration of the particle from (x, 0) to (x+1, 0) is constant,
it will be given by
∆vn(x, 0)
∆t
= Pn(x, 0)− Pn(x + 1, 0), (28)
where ∆vn(x, 0) = vn(x + 1, 0)− vn(x, 0) and vn(x, 0) is the speed of the particle
at the point (x, 0), and ∆t is the time interval it takes for the particle to move
from (x, 0) to (x + 1, 0).
Notice that ∆vn(x,0)∆t =
∆vn(x,0)
∆x
∆x
∆t ≈ vn(x,0) ∆vn(x,0)∆x since ∆x∆t ≈ vn(x, 0). That
is, if ∆Pn(x, 0) = Pn(x + 1, 0)− Pn(x, 0), then equation (28) becomes
vn(x, 0) ∆vn(x, 0) ≈ −∆Pn(x, 0) (29)
and in particular where ∆x = 1 was used and where ∆Pn(x, 0) = Pn(x + 1, 0) −
Pn(x, 0) is the pressure drop from (x, 0) to (x + 1, 0).
Equation (29) may be approximated by a differential equation in x . Integrating
this from y to x gives
1
2 v
2
n (z, 0) |xy = −Pn(z, 0) |xy . (30)
This becomes
1
2
(
v2n (x, 0)− v2n (y , 0)
)
= Pn(y , 0)− Pn(x, 0). (31)
Observe that the left hand side is the difference in kinetic energy of a unit mass
particle, and the right hand side is the drop in pressure. For example, putting y = 1
gives
vn(x, 0) =
√
v2n (1, 0) + 2 (Pn(1, 0)− Pn(x, 0)). (32)
That is, if the particle is put with zero velocity at (1, 0), then its velocity at (x, 0)
is
vn(x, 0) =
√
2 (Pn(1, 0)− Pn(x, 0)). (33)
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If x is large (say x > n) then Pn(x, 0) = 0. This gives the terminal velocity of the
particle once it has moved far from the polygon:
v tern =
√
2Pn(1, 0) (34)
for a particle released at (1, 0) in rest.
Notice that the rescaling of Pn(a) in equation (26) is rotationally symmetric
about the origin in the square lattice (independent of direction). Hence, the
arguments above generalises to particles accelerating in other directions from the
origin – it is therefore appropriate to consider a particle moving freely along the
X-axis, without loss of generality. For example, the terminal velocity will only be
dependent on the distance the particle is released from the origin, and not on the
direction of its trajectory.
3 Numerical Results
Rooted lattice polygons can be approximately enumerated [15] by using the GAS-
algorithm [17]. This algorithm was analysed for polygons in cubic lattices in
reference [18], and approximate enumeration of lattice polygons were done in
references [19, 20] using BFACF-style elementary moves [1, 2]. See for exam-
ple reference [22] for the application of the BFACF-algorithm to square lattice
self-avoiding walks and polygons.
In this paper the GAS algorithm is used to approximately enumerate rooted
lattice polygons avoiding fixed vertices ~r in the square lattice. GAS-sampling was
Table 1: Numerical estimates of pn and pn(1, 0)
n pn σn pn(1, 0) σn
4 4 0 2 0
6 12.0002 0.0013 5.0007 0.0014
8 56.003 0.014 22.0033 0.0077
10 279.978 0.090 109.017 0.046
12 1487.56 0.59 582.03 0.29
14 8229.7 3.6 3238.51 1.8
16 46998 24 18601 11
18 274830 160 109315 74
20 1636900 1100 654170 490
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Figure 5: The pressure Pn(x, 0) (equation (3)) along the X-axis at the points (x, 0)
for x = 1, 2, 3, . . . , 30, and for n = 10(∗), n = 20(•), n = 50(N), n = 100(H)
and n = 200(F).
tuned to be uniform over the lengths n of polygons for 4 ≤ n ≤ 250. Sampling
was done along 500 independent sequences, each of length 3× 107. This gives a
total of 1.5× 1010 iterations.
Results from the simulations are the estimates of the number of rooted lattice
polygons pn, and the number of rooted lattice polygons avoiding the lattice site
(x, y), denoted by pn(x, y). A sample of our results are listed in table 1 – the
number of rooted polygons of length n, and the number of rooted polygons avoiding
the lattice site (1, 0) are listed, together with their confidence intervals.
3.1 The pressure
The pressure as a function of (x, 0) for 1 ≤ x ≤ 30 is plotted for values of n
ranging from n = 10 to n = 200 in figure 5. As expected, the pressure approaches
zero with increasing distance from the origin – for polygons of length n the pressure
at lattice points (x, y) with |x | > n2 or |y | > n2 is necessarily zero, since a rooted
polygon cannot pass through such points.
The scaling of the pressure can be uncovered by considering equation (27).
That is, if distance is rescaled by n−3/4, then pressure should be rescaled by n19/32.
This implies that plotting n19/32Pn(x, 0) against x/n3/4 should collapse the data
in figure 5 onto a single curve. This is illustrated in figure 6.
The data in figure 6 includes points values of n ∈ {10, 20, 50, 100, 150, 200, 250}
for 1 ≤ x ≤ 29, and show that the scaling of Pn(x, 0) is well described by equa-
tion (27). In fact, the approximation made in equation (17), and carried through
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Figure 6: Testing the scaling prediction in equation (27). The rescaled pressure
n19/32Pn(x, 0) plotted as a function of n−4/3x . These data include all the data
points in figure 5. The data collapse to a single curve, uncovering the scaling
function g(a)/a4 in equation (27).
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Figure 7: The same data as in figure 6, but on a log-log scale. These data
accumulate along a curve which is similar in shape to g(a)a4 plotted in figure 4, but
with rescaled axes.
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Figure 8: Testing the scaling prediction in equation (27). The rescaled pressure
n19/32Pn(x, x) plotted as a function of
√
2 x n−3/4. The data collapse to a single
curve, uncovering the scaling function a−4g(a) in equation (27).
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Figure 9: The data in figures 6 and 8 plot on the same scale and axes.
equation (23) to equation (27) apparently captures the dominant contributions to
the pressure.
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Figure 10: All the data except those along the X-axis. Each data point is the
rescaled pressure n19/32Pn(x, y) plotted against n−3/4‖(x, y)‖2 for x ∈ [1, 29],
y ∈ [1, 29] and n ∈ [4, 250] even. The data accumulate along a single curve,
uncovering the scaling of the pressure field in the vicinity of a ring polymer.
Plotting the data in figure 6 on a log-log scale gives figure 7. This plot shows
that there are two scaling regimes. The first is the data for large n (and x small
compared to n). The rescaled pressure is large and decays slowly with increasing
n. The other regime is for large x (and n small compared to x). In this regime
the pressure decays quickly with distance. Observe that the shape of this data is
a scaled representation of the plot of g(a)/a4 on a log-log scale in figure 4. This
is not accidental, as seen in equation (27).
3.2 Scaling in other directions
The scaling of Pn(a) in equation (27) predicts that the scaling of the pressure is
isotropic – that is, the same in all direction. Above, the scaling along a lattice
axis was examined, in this section other directions will be considered.
Consider first the pressure Pn(x, x) at lattice points {(x, x) |1 ≤ x ≤ 29} along
the diagonal direction in the lattice. The pressure is a function of the geometric
distance ‖(x, x)‖2 =
√
2 |x | from the origin (that is, distance is measured using the
L2-norm). Thus, rescaling distance in this case by
√
2 n−3/4 should again collapse
the rescaled pressure n19/32Pn(x, x) to a single curve. This is seen in figure 8 for
15
values of n ranging from 10 to 250.
Comparison to figure 6 shows that the data scales similarly, and may in fact
be plotted on the same set of axes. This is done in figure 9 – that is, the data
of figures 6 and 8 are plotted on the same axes and scale. This shows that the
scaling along the diagonal is the same as along the X-axis.
The data in figure 9 is numerical confirmation that one may expect the same
scaling of the pressure in any direction from the origin. This may be made even
more clear by plotting all the data for points (x, y) with 1 ≤ x ≤ 29 and 1 ≤ y ≤
29. That is, plot the rescaled pressures n19/32Pn(x, y) against n−3/4‖(x, y)‖2 for
4 ≤ n ≤ 250, 1 ≤ x ≤ 29 and 1 ≤ y ≤ 29 on the same graph. The result is
shown in figure 10. The data collapse to the same curve.
3.3 The terminal velocity
The terminal velocity of a unit mass test particle accelerating without dissipation
of energy at constant temperature when released at (1, 0) is given by equation
(34). Intermediate velocities as a function of position is given by equation (33).
Velocity along the X-axis as a function of position is plotted in figure 11.
Increasing the size of the polygon tends to decrease the rate of acceleration and
lower intermediate velocities. However, the terminal velocity seems to be quite
insensitive to the length of the polygon, and in each case levels off close to 1.33.
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Figure 11: Velocity of a frictionless unit mass particle accelerating along the X-
axis if released at (1, 0) for x = 1, 2, 3, . . . , 30, and for n = 10(∗), n = 20(•),
n = 50(N), n = 100(H) and n = 200(F).
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Figure 12: Velocity of a frictionless unit mas particle accelerating along the X-
axis if released at (1, 0) plotted as a function of rescaled length n−3/4x for x =
1, 2, 3, . . . , 30, and for n = 10(∗), n = 20(•), n = 50(N), n = 100(H) and
n = 200(F).
The velocity can be rescaled by rescaling length by nν . In figure 12 this is
done for all the data in figure 11 and also for data from n = 250. With increasing
n the data start to accumulate on a rescaled velocity curve. This rescaling is
compounded by the release of the particle at (1, 0), since the starting point is also
rescaled. By instead choosing the origin at x = 2, and then rescaling, the curve
in figure 12 becomes better defined in figure 13, with data points clustering more
tightly over the wide range of n-values used.
4 Conclusions
In this paper the entropic pressure in the vicinity of a polymeric molecule was
modelled. There are several other recent papers which modelled the entropic
pressure due to the conformational entropy of polymer. These include the pressure
of a grafted two dimensional self-avoiding walk on a line [21], and the entropic
pressure of a two dimensional adsorbing directed path onto the adsorbing line [16].
We have used scaling arguments to determine the scaling of the entropic pres-
sure in the vicinity of a lattice polygon model of a ring polymer which is rooted at
the origin in the square lattice. The scaling is best described by equation (4). We
tested this scaling numerically by sampling polygons with the GAS algorithm, and
our data in figures 6, 7, 8, 9 and in particular figure 10 provide strong numerical
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Figure 13: Velocity of a frictionless unit mas particle accelerating along the X-
axis if released at (1, 0) plotted as a function of rescaled length n−3/4(x − 2) for
x = 2, 3, 4, . . . , 30, and for n = 10(∗), n = 20(•), n = 50(N), n = 100(H) and
n = 200(F).
support for equation (4).
In addition, we briefly considered the velocity profile of a unit mass test particle
which accelerates from the polygon do to the pressure gradient. Our data suggest
that the particle accelerates to a terminal velocity which is only dependent on the
initial position of the particle, and the intermediate velocities of the accelerating
particle cluster towards a limiting curve with increasing n if length is rescaled in
the model.
The results in this study suggest numerous other questions regarding the en-
tropic pressure close to polymeric molecules. The scaling of a rooted linear polymer
can be determined similarly to the case here, but the situation seems more com-
plicated when the polymer is grafted onto a hard wall. In three dimensions the
situation seems to be more complicated. By substituting the estimates for three
dimensional values for the exponents in equation (26), one would expect that
Pn(a) ' C g(a)
a6
n−τ (35)
where τ ≈ 1.37, for some constant C, and where g(a) is given by equation (21).
Since this relation is derived using approximate scaling assumptions, it should be
tested numerically to verify its validity. In addition, the effects of knotting on this
relation seems a non-trivial and interesting question.
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Finally, observe that if the mean field values (γ1 = 12 , ν =
1
2 and αs = 0) of
the exponents are substituted in equation (26) for d = 4, then Pn(a) ' C g(a)a8 n−2.
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